Abstract. The psi function ψ(x) is defined by ψ(x) =
Introduction
We recall from [8, Chapter XIII] and [16, Chapter IV] that a function f is said to be completely monotonic on an interval I if f has derivatives of all orders on I and 0 ≤ (−1) n f (n) (x) < ∞ (1) for x ∈ I and n ≥ 0. The class of completely monotonic functions may be characterized by the famous Bernstein-Widder Theorem [16, p. 161, Theorem 12b] which reads that a necessary and sufficient condition that f (x) should be completely monotonic for 0 < x < ∞ is that
where α(t) is non-decreasing and the integral converges for 0 < x < ∞. We also recall that the classical Euler's gamma function Γ(x) is defined by
The logarithmic derivative of Γ(x), denoted by ψ(x) =
Γ(x) , is called the psi or di-gamma function, and the derivatives ψ (i) (x) for i ∈ N are respectively called the polygamma functions. In particular, the functions ψ ′ (x) and ψ ′′ (x) are called the tri-and tetra-gamma functions.
In [2, p. 208 
for x > 0. In [17] , the function
was proved to be completely monotonic on (0, ∞).
In [18] , the following results were obtained:
(1) The two-sided inequality
holds on (0, ∞). (2) The functions
and
are completely monotonic on (0, ∞).
The inequalities (4) and (6) and the ones in (8) are not included each other. For more information on results related to the function [ψ
, please refer to [3, 4, 5, 6, 11, 12, 13, 15, 17] , the expository and survey article [10, 14] and the literature listed therein.
The aim of this paper is to establish necessary and sufficient conditions on λ ∈ R for the function
to be completely monotonic on (0, ∞).
Our main results may be stated as the following theorem.
(1) The function f λ (x) defined by (11) is completely monotonic on (0, ∞) if and only if λ ≤ 0; (2) The function −f λ (x) is completely monotonic on (0, ∞) if and only if λ ≥ 4; (3) The double inequality
holds on (0, ∞) if and only if µ ≤ 0 and ν ≥ 4.
In next section we supply several proofs for Theorem 1. In the final section we derive some corollaries and pose a double inequality of [ψ
Proofs of Theorem 1
In this section we provide several proofs for Theorem 1 by different approaches.
First proof of Theorem 1. By the recursion formula
for x > 0 and n ∈ N, see [1, pp. 258 and 260, 6.3.5 and 6.4.6], we have
Using the formula 1
for r > 0 and x > 0, see [1, p. 255, 6.1.1], and the integral representations
for n ∈ N and x ∈ (0, ∞), see [1, p. 260, 6.4 .1], yields
where
By expanding the function Q(t) into power series at t = 0, we have In the light of Descartes' Sign Rule, the function
has at most two zeros on [0, ∞). Since u(0) = 883, u(1) = −77 and u(2) = 3787, these two zeros are all less than 2, which implies that the function u(t) is positive on [2, ∞), and so θ
3 (t) > 0 on [2, ∞). In [7, p. 269, 3.6 .6] and [9] , it was listed that
Hence, for t ∈ (0, 2), we have 
In conclusion, the function θ θ (2) when λ ≥ 4, the negative of h λ (x) is completely monotonic on (0, ∞). Since 2 x 2 is completely monotonic on (0, ∞) and the product of finitely many completely monotonic functions is also completely monotonic,
(1) when λ ≤ 0, the difference f λ (x) − f λ (x + 1) is completely monotonic on (0, ∞), that is,
By virtue of induction, we obtain
for i ≥ 0. So the function f λ (x) for λ ≤ 0 is completely monotonic on (0, ∞). (2) when λ ≥ 4, a similar argument leads to the complete monotonicity of f λ (x) on (0, ∞). The sufficiency is proved.
Multiplying by x n on both sides of (13) yields
Using L'Hôspital's rule, the limit (18), and the formula (13), we have
In [1, p. 260, 6.4.12 and 6.4.13] , it was listed that
as z → ∞ in | arg z| < π. Therefore, we have
If the function f λ (x) is completely monotonic on (0, ∞), then
which can be rearranged as
The necessity is proved. The double inequality (12) and its best possibility follow from the necessary and sufficient conditions for the function f λ (x) to be completely monotonic on (0, ∞). The proof of Theorem 1 is complete.
Second proof for the first part of Theorem 1. It is easy to see that
where f (x) is defined by (9) and
From [18] it is known that the function f (x) is completely monotonic on (0, ∞), as mentioned on page 2. Since h(x) is completely monotonic on (0, ∞), it follows that the function f λ (x) is completely monotonic on (0, ∞) when λ ≤ 0. Utilizing (13) for n = 1 and n = 2 yields that 
